CARLESON MEASURE PROBLEMS FOR PARABOLIC 
BERGMAN SPACES AND HOMOGENEOUS SOBOLEV SPACES 
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. ' Abstract. Let ^(R^ -1- ™) be the space of solutions to the parabolic equation 

P ,1 d t u + (- A) a u = (a G (0, 1]) having finite LP(R^ +n ) norm. We characterize 

nonnegative Radon measures fi on R^ +n having the property IMI^g^i+n ^ ^ 

H u IIm/i,p(K 1+ ")' 1 < P < 9 < °°' whenever u(t,x) G feS(R+ +n ) H VK 1 'P(R^ +n ). 
s ! i Meanwhile, denoting by v(t, x) the solution of the above equation with Cauchy 

data vq(x), we characterize nonnegative Radon measures on R + +n satisfying 

\\<t 2a > x )\\ LH M 1 + n ,v.) ~ \M\w0,p(M«)' P 6 (°> n )> P e q G (0,oo). 

' Moreover, we obtain the decay of v(t, x), an iso— capacitary inequality and a 

trace inequality. 
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1. Introduction and Statement of Results 

Carleson measure was first introduced in classical Hardy space (see Carleson [7]) 
and have been extensively studied, for example, see Dafni-Karadzhov-Xiao [llj . 
Dafni-Xiao [12], Hastings [14], Johnson [15], and Xiao [38]- [40] and the references 
therein. This paper considers Carleson measure problems via the parabolic equation 

(1.1) d t u(t, x) + {-A) a u(t, x) = 0, (t, x) e M}+ n = (0, oo) x E™ 
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with a G (0, 1], and its Cauchy problem 



, 12 x ( d t v + (-A) a v = 0, ((,x)€K; + "; 

1 ' ' \ v(0,x) =u (>), x G R" , 

where A is the Laplacian with respect to x and 

(- A)«u(t, z) = T-We^Ht, £)))(*) 

with J 7 and .F^ 1 being the Fourier transform and the inverse Fourier transform. 
More specifically, we characterize nonnegative Radon measures /i on R 1 ^™ having 
the property 

(1.3) IK^H^x+n^ < ||v (t , x) «(t, aJ )|| iP(R i+. )J VuGftPOR^nw 1 *^- 1 ""). 

for 1 < p < g < oo, or 

(1.4) IK* 2a ,x)IU (R ^) < H(z)ll^ (R »),V«o € W" /3,p (M n ), 
for /3 G (0, n), p G [1, n/f)] and g G (0, oo). Here 

v(t,x) = S a (t)vo(x) := Kf{x) * v (x) 

solves (|T2|) . 

^ t Q (ir) = (2tt)-9 / e fa ' s e -*l«l 2a ^ > 0, V(*,a:) G M^ + " 



and g(x) * h(x) means the convolution between g(x) and f(x) on the space variable. 

The main motivation of considering embeddings (| 1 . 3|) and (jl.4l) comes from the 
so called trace inequalities problem. Particularly, for a nonnegative Borel measure 
fi on R™, when working on spectral problems for Schrodinger operators, Maz'ya 
first discovered in 1962 (see Maz'ya [17]- [18] and [22]) that if 1 < p < q and pi < n 
then 

(1-5) < ||u|| hl(R -),Vu G h l p (R n ) 

holds if and only if 

(1.6) sup | : E C R", cap(E, h l p ) > o| < oo. 

Here ?7 < V denotes U < QV for some positive which is independent of the sets 
or functions under consideration in both U and V, h l p (M. n ) is the completion of 
C* °°(R™) with respect to 

||/lk« (K » 3 = ||(-A)VV|U P 

and cap(E, h p (M. n )) is the capacity of E associated with h l p (M. n ). Such embeddings 
like (II. 5|) are referred to as trace inequalities, see Adams-Hedberg [5]. Meanwhile, 
(ll.6|) is called isocapacitary inequality, see Maz'ya [53]. Since Maz'ya established 
the pioneer work in [17)-|18|. other equivalent conditions of trace inequalities were 
established by Maz'ya [31]-[S0], Maz'ya-Preobrazenskh [25], Maz'ya- Verbitsky [3D], 
Adams 1 and new advances of such problems were made by Cascante-Ortega- 
Verbitsky [8] in which they established similar trace inequality for a general class 
of radially decreasing convolution kernels. When < q < p and 1 < p < oo, (|1.5|) 
holds if and only if 
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with &(t) = M{cap{E,S l p ) : E C E n , fj,(E) > t}, see Maz'ya-Netrusov [27] and 
Verbitsky [35] . When 1 < p < q < oo , (|1.5[) holds if and only if 

, . (u(B(x,r))) p / q 

(1.8 sup w < oo, 

where B(x,r) is a ball of radius r centered at x G R™, see Adams- Hedberg [5J 
Theorem 7.2.2]. When < q < p and 1 < p < n/l, (|1.5|) holds if and only if the 
Wolff potential 

W£p(x) := / (r l P- n fi{B(x,r)))P - 1 — G L?(p-D/(p-?)( m ), 
Jo * 

see, Cascan- Ortega- Verbitsky [8]. There exist other conditions involving no capac- 
ity, which are equivalent to (|1.5|l . see, for example, Maz'ya [25], Maz'ya- Verbitsky 
[30] and Verbitsky [55] . These equivalent conditions were widely applied to har- 
monic analysis, operator theory, function spaces, linear and nonlinear partial differ- 
ential equations, etc., see, Adams-Hedberg [5], Maz'ya [22] and Maz'ya-Shaposhnikova 
[2"5] and the references therein. 

This paper characterizes (|1.3p or (| 1 .4|) by conditions like (|1.6[) . (| 1 . 7|) and (|1.8[) . 
To do this, we need the following preliminary materials. 

We always assume that j3 £ (0,n)\N when p = 1 or n//3. is the 

completion of C 5O (]R^ +n ) with respect to the norm 

V (t , x) /|Wzj • 

b"P a (R^+")(a e (0, 1]) introduced by Nishio-Shimomura-Suzuki [32] is the parabolic 
Bergamn space on R^ 4 "™, which is the set of all solutions of the parabolic equation 
having finite L^R^™) norm. W^' p (M. n ) is the homogeneous Sobolev space 
which is the completion of Cq°(K™) with respect to the norm 

IK-A^/IIl,, pe(l,n/(3), 

I/IU/mr") = \ ( f uAi/ii; 




where 



' P=lorp = n//3,/3e(0,n)\N, 
A* A*-V(a:), fc > 1, 



A£/(* 



[ f(x + h)-f(x), k = l, 

k = l + [/?], = + {/?} with {/?} G (0, 1). 

If X = R^ +n , = 1 and p > 1, or X = R", /? € (0,n) and p G [l,n//3], 
ca PwP,p(x) ('-') (see Maz'ya |22| ) is the variational capacity of an arbitrary set S C 
V : 

cap^, ppo (S) = inf {||/II^, P(X) : / G Vx(5)| . 



Here 
and 



V K+n (S) = {/ G W^R^") : 5 C Int({.T G MV + " : / > !»} 
Vm^(S) = {/ G W^ P (R") : / > 0,5 C Int({x G R" : / > 1})} 
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with lnt(E) be the interior of a set E C X. For t G (0, oo), c£(/i; t) is the (p, (3)— variational 
capacity minimizing function associated with both W"' p (M. n ) and a nonnegative 
measure [i on M. , + ™ defined by 

c^O;*) = inf{cap^, p{K „ ) (0) : bouded open O C R n ,^(T(0)) > t}, 

where T(O) is the tent based on an open subset O of H." : 

T(0) = {(r,x) G R+ +n : B(x,r) C O}, 

with -B(x, r) be the open ball centered at x G R™ with radius r > 0. 

For handling the endpoint case p = n/[3 we also need the definition of the 
Riesz potentials (see Adams- Xiao [5] and Adams [5]) on R 2 ™ as follows. The Riesz 
potential of order 7 G (0, 2n) is defined by 

4 2n) * /(*) = I \z- yr 2n f(y)dy, z e R 2 ". 



From Adams [2j Theorem 5.1], we have that if u(x) and i^ 2 ™' * |/|(x, 0) are both 
in Lj oc {W l ) with 

(1.9) /(x,/i) = |/ l |^A^( a; ), 

then u(x) = CI {2n) * f(x,0), for a.e. x G M" and some C > 0. Note that if 
u g VF' 3 -"/' 3 ^") and 7 = 2/3 G (0,2n) then the function /(•,•) in (JOJ) belongs 
to the space ^"/^(R 2 ™). For any 7 € (0,2ra), £P(R 2 ") = I 2 " * LP(R 2 ™) defined by 

ll^ n */ll^ CK -) = ll/IUf„- 

To state our main results, let us agree to more conventions. U ~ V if U < V and 
V < f7; for < p, q < 00 and a nonnegative Radon measure /i on X = R^ + ™ or R™, 
L q,p (X,/i) and L q (X,/i) denote the Lorentz space and the Lebesgue space of all 
functions / on X for which 

/ l-oo \ i/p 

ll/IU-PM = f y o 6 X : |/(x)| > A})) p / g dA p J < co 

and 

\\f\\L«(x,ri = (J x \f(x)\*dJ) "<co, 

respectively. Moreover, we use L 9, °°(A, fi) as the set of all \i— measurable functions 
/ on X with 

ll/IU»(x,„) = su P A( M ({x G X : |/(a;)| > \})) 1/q < co. 

A>0 

Theorem 1.1. Let 1 < p < q < co and [i be a nonnegative Radon measure on 
Then the following statements are equivalent: 



< 



u G W^(R}+") n 
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(d) 

(KO)) p/q < cap Wl , p(Rl++n) (0), open O C 

IfO<q<p=l, then (b) (c) (d) (a). 

In the following, v(t, x) is the solution of equation (|1.2[) with Cauchy data ^o(x). 

Theorem 1.2. Let /3 € (0, n), < g < p, 1 < p < n/ [3 and pi a nonnegative Radon 

measure on R_|j~". TTien £/ie following two conditions are equivalent: 

(a) 

*/« v /(p_,) dt 

— < oo. 



If we change 1 < p < n//3 and < g < p into 1 < p < n//3 and p < q < oo, then 
the conditions (a) and (b) of Theorem 1 1.2 1 can be replaced by a weak- type one and 
two simpler ones, respectively. 

Theorem 1.3. Let (3 E (0,n), 1 < p < n/ [3, p < q < oo and fi a nonnegative 

Radon measure on R_^~ n . Then the following five conditions are equivalent: 

(a) 

\Ht 2a ,x)\\ Lq , pK+ »^ < IKII^.p (R n )J v« g w^(R n ). 

(b) 
(c) 
(d) 

(e) 



\\v(t 2a ,x)\\ Lq(K+n ^ < WvoW*,,,^, Vv G W^(R n ). 
K* 2 ^)IU~ (Ki+ », rt < \\v \\ Wfj , p{Rn)1 Vv G ^(K"). 



sup —s < oo. 

t>o c%(/j.;t) 



sup < -—r : bounded open (J C K > < oo. 

[cap^, p(Mn) (0) " J 

Furthermore, the family of all bounded open sets in the inequality (e) of Theorem 
11.31 in some situation can be replaced by the family of all open balls. 

Theorem 1.4. Let (3 G (0,n) and p a nonnegative Radon measure on R_^~ n . J/ 
1 < p < min{q,n//3} or 1 = p < q < oo, then the following two conditions are 
equivalent: 
(a) 

\\v(t 2a ,x)\\ LHK+ n tfi) < |KIU, P ,W G W^(R n ). 

(b) 

^(T{B{x,r)))f /q 

sup . ; < oo. 

ier,r>o ca>Pw0,p{B(x,r)) 
But, this equivalence fails to hold when 1 < p — q < n/ (3. 
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Remark 1.5. We plan to check in our future work that whether or not the operator 

v — ► S t 2c,v (x) 
being compact from W^' p (W n ) to L«(R^_ +n ,/x) is equivalent to 

fP/q 

- -Ocffat) 

l/ip-l) 



(1.10) 1 1 i m „-^ T = ' if 1 < P < < 9 < oo; 



Jo \* ; t)y 



— < oo if < g < p, l<p< 



or when 1 < p < min{g, n//3} or 1 = p < q < oo, 

(1.12) li„, sup 

and 

1.13 im sup ^ V / n ( \ '\ =°- 

kl— 0re(0,l) ca PH/3, P 1-0(2!)^)) 

Similar results hold for the embedding (|1.5p . see Maz'ya [HI section 8.5, 8.6] and 
[23] or Adams-Hedberg [S] section 7.3]. 

Remark 1.6. Since the inequality (b) in Theorem 11.41 corresponds to the classical 
Carleson criterion for L p (M. n ) to be embedded in L P (R 1+ ™, fi) via Poisson's ker- 
nel (see for example Grafakos [TSJ p. 539, Theorem 7.37]), we can refer to the 
embeddings in Theorems 11.2111.41 as the Carleson embeddings for the homogeneous 
Sobolev spaces per the Cauchy problem for the a— parabolic equation. 

When 0<g<p=lwe obtain necessary conditions for such embeddings. 

Theorem 1.7. Let (3 £ (0, n), < q < p — 1 and fi a nonnegative Radon measure 
on R^+". Then (a) =>■ (6) =>■ (c) =S> (d) : 

ll«(t 2a ^)IU, ( Mi+"^) ;$ INII^,i,v«d g w^or). 

IK***.*..- < \\v o \\ W0 , HK n V Vvo € W^(W l ). 

(c) 

sup |(,(T(Q))^ : o ^ 0cM „) <oo . 

lk(* 2a ^)llwi(R^, p) < WMwe.W V« G W' /3 ' 1 (M"). 
We can establish the following decay of the solutions of equation |T 
Theorem 1.8. If v £ W^' p (M. n ) for 1 < p < n/0 and (3 £ (Q,n), then 
H4 a ,x )\ <tf- n \\v o \\ W0 , P(Rn) , V(t Q: x )£R 1 + n . 

Equivalently 

p/3~n 

\v(to,x )\<t 2a ||vo||^, P(R „), V(t ,x ) £R 1 ^ n . 
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The special case a = p = 1 of Theorem 11.81 was proved by Xiao in [39] . 
Working from R+ + ™ to E™, a trace inequality can be derived from W^' p (M. n ). 

Theorem 1.9. Let (3 S (0, n), 1 < p < q < oo, p < n//3 and ^ be a nonnegative 
Radon measure on 1". Then 

\\f\\m^,»)<\\f\\w^v f^w^(R n )^ sup ^°)) p/q < 00 . 

open ocM n c®Pw l3 >p(R n )\ ) 

Ifl=p<q<oo 1 or 1 < p < min{<7, n//3} £/ien 

ll/ll^(En„) < ll/II^X^), /e^(l»)« SUP JMg^lg^i < OO. 

Similarly to Theorem ll.il we obtain the following result which covers Theorem 

Theorem 1.10. Let j3 £ (0,n), 1 < p < q < oo, p < n/(3 and \i be a nonnegative 

Radon measure on R™ . Then the following statements are equivalent: 

(a) 

< \\f\\w^ n ), f G W^(R n ), 

(b) 

II/IU*( R ",m) £ \\f\\we.Hn»y feW^(R n ), 

(c) 

II/IU«.-(r»,m) £ \\f\\w?W f e w^(m n ), 

(d) 

(KO)) p/q < cap^, pm (0), open O C R". 
If 1 = p < q < oo, or 1 < p < min{g, ra//3} i/ien all of them are equivalent to 
(e) 

sup ' ' j^r, 7T < oo. 

IfO<q<p=l, then (b) => (c) (d) (a). 

Remark 1.11. The equivalences (6) ^=> (d) and (6) (e) in Theorem 1 1 . 1 01 can 
be verified directly from Cascan-Ortega-Verbitsky [9, Theorem 3.1 & 3.2], Maz'ya 
PE2PEB] and [22], and Adams-Hedberg [5] Theorem 7.2.2]. Moreover, the case 
l=p<<Z<ooof Theorem 11.101 was shown by Xiao in [35] . 



Nishio-Yamada [33j gave a characterization for a nonnegative Radon measure fj, 
on R+ +Tl to be a Carleson type measure on p(R+ + "), which is called (0,l)-type 

7 (t, x) u(t,x)\ 

We find a sufficient condition for a nonnegative Radon measure /i on RV 1- " to be a 



Carleson measure and means that | V( tja; )i((i, x)| e L p (R 1 | + ™,m)i that is, 
l|V (tl!e )«(t,a!)|| iP(tt i + » iM) < ||«(t,x)|| L , (R i+»), V«G& p (R^ n ). 



Carleson type measure on o^, 2 ( ml+ ' 



+ 

/2^+ >■ 



Theorem 1.12. If fi is a nonnegative Radon measure on R+ + ™ satisfying the prop- 
erty 

fa (T(B{x,r)))f /q 
sup rx ' " < oo 

xeR~,r>o capy V i/2, P (B(x,r)) 



s 
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for 1 < p < 2n and 4 ^^ 4p < Q < °o, then fi is a (0,l)-type Carleson measure on 
6- 2 (M^)/ r Pl = U|^-l. 

Corollary 1.13. Let f3 <G (0, n), 1 < p < minjg, tt,//3} or 1 = p < q < oo, 7 G (0, 1], 
C > and ( + > n -p/3. If dfj, yX {t,x) = t^lx^-^dtdx, then 

(M 7 ,c(T(0)))^ < cap ^, p (0), open O C M". 

Equivalently 

IK* 2q ,z)|| ic±^ 1+ <ll«o||^,P,V Vo e^. 

Proof. This assertion follows from the case q — p(C + n"f)/(n — pP) and /i = /i 7 ^ 
of Theorem O □ 

The first inequality of Corollary |1.13l is the iso— capacitary inequality (see Maz'ya 
[23] for more) and the second is its analytic form attached to the kernel K^ a (x). 
Both of them were firstly stated by Xiao in [39] for a = p = 1. 

Corollary 1.14. Let a E (0,1], £ (0, n), 1 < p < n//3 and 7 € (-l,oo). Then 

the following two conditions hold: 

(a) 

p(l + n + 7 ) 



\v(t 2a ,x)\ El ^ 1 ^dtdx ) < HwoH^.Vwo e W^(R n ). 



(b) 



sup (7 | V (i 2Q ,x)|^^J <||«o||^, P ,V« G^(R n ). 



Proof. In Theorem [IT] we take 



dn(t,x) = (l+j)-H^dtdx, g = P ^ 1 + n t » 7 > -1, 

n — pp 



respective 



dn(t,x) = 5 to (t) ®dx, q = -, 7 — > -1, 

n — pp 



where <5t (i) is the Dirac measure at to > 0, then an application of the capacitary 
estimate of ball (see Maz'ya [22[ p. 356] for p g (l,n/(3), Xiao [39[ p. 833] for 

P =iy. 

cap^ 0>P (B{x,r)) « r n ^,x6 R n ,r > 0, 
we can finish the proof. □ 

According to Miao- Yuan-Zhang [31, Proposition 2.1], the condition (a) of Corol- 
lary [TTT3] amounts to that W^ ,p (M. n ) is embedded in the homogeneous Besov or 
Triebel-Lizorkin space (see Triebel [35] for more details about these spaces) 

• -2+1 ■ 1±1 r>(~\ 4- n 4- 

n — pp 

At the same time, the condition (b) of Corollary 11.141 can be treated as extreme 
case of the condition (a) in Corollary 1 1.1 41 

The rest of this paper is organized as follows. In the next section, we give six 
preliminary results: Lemma EI]- a strong- type inequality for the Hardy- littlewood 
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maximal operator with respect to the variational capacity (whose new generaliza- 
tions were made by Maz'ya [24] and Costea-Maz'ya[10]), Lemma l2~2T - an elementary 
Riesz integral upper estimate of the kernel K"{x), Lemma l2.3l -a lower estimate for 
the kernel Kf{x), Lemma 12.41 - four standard estimates involving capacity, measure 
and nontangential maximal functions, Lemma 12. 51 - an integral representation of 
fractional order homogeneous Sobolev functions, and Lemma 12.61 — a homogeneous 
version of the extension/restriction theorem. In the third section, we prove our 
theorems and corollaries: Theorem 1 1.1 1 is proved by using Lemma |2. II Theorcm ll.2l 
is showed from applying Lemmas 12. 1[ 12.41 12.61 and the dyadically discrete forms of 
the left-hand integrals in (a) — (6) of Thcorcm ll.2l Theorem ll.3l is demonstrated by 
using Lemmas 12.11 & 12.41 Theorem 11.41 is derived from the equivalence established 
in Theorem 11.31 Lemmas 12.2112.51 and more delicate estimates for measures, func- 
tions and integrals under consideration. Theorem 11.71 is verified from Lemmas 12.11 
& I2.4I Theorem [EH] is obtained by applying Theorems 1 1 . 31 fc [l~4l and estimating the 
norm of Dirac measure on HL^ - ". Theorem 11.121 is established through comparing 
1/2— parabolic rectangles in with the tents of n— dimensional balls. 



2. Preliminary Lemmas 

This section contains six technical results needed for proving the main results 
of this paper. The first is the capacity strong-type inequalities for / G W*' p (M. n ) 
and its Hardy-Littlewood maximal operator 

Mf(x) = sup r~ n [ \f(y)\dy, x G R". 

r>0 JB(x,r) 

Lemma 2.1. The following three inequalities hold: 
(a) If0e (0,n) andpe [l,n//3}, then, V/ G W ' p (M. n ), 

ca Pvv ^ (Rn Mx G K" : \f(x)\ > \})d\ p < \\f\\ p . 



If I < p < oo, then, V/ G W^fM. 1 ^ 71 ), 



+ 



cap Wl , p{K+n) ({(t,x) G Rl +n : |/(t,x)| > \})dX p < \\f\\ P ^ p{K+ny 
(b) If(3e (0,n) andpe [l,n/f3], then, V/ G W fj ' p (R n ), 

cap W0 , P{Mn) ({x G R" : \Mf(x)\ > \})d\ p < ||/||^, p(R „ r 

Proof, (a) Part 1, f G W 1 ' p (M. 1 n +n ) : This assertion is due to Maz'ya [22 Section 
2.3.1] or his another work [Tj|]. Part 2, f G W^' p (M. n ) : Case 1, p G (l,n//3) : This 
case is due to Maz'ya [2TJ Proposition 4.1] or Maz'ya [22, p. 368 Theorem]. Case 
2, p = 1 : This case is essentially prove by Wu [37] when f3 G (0, 1) and Xiao [39] 
when j3 G (0, n). Case 3, p = n/ft : It can be found in Maz'ya [20] or Adams-Xiao 
®. 

(b) If / G W^' p (M. n ) : We divide the proof into three cases. 

Case 1, p = 1 : It is due to Xiao 39] . Case 2, p = n/{3 : This is proved by Adams- 
Xiao [6]. Case 3, p G (l,n//3) : It follows from Maz'ya [221 P- 347, Theorem 2] or 
his earlier work [26] that for 1 < p < n//3, f G VF^ ,P (R") if and only if 

f=(-A)-P/ 2 g = Ip*g(x) and \\f\\ WP „ = \\g\\ LP , 
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for some g £ L p (M. n ), where 

g{y) 



If) * 9{x) = — / 
7/3 Jr 



7/3 Jw" \x - V\ n ~ & 



dy 



with j p = 7 r n / 2 2 /3 r(/3/2)/r(^). Then for fixed / e ^^(R™), and g G 

with /(x) = 1/3 * g(x), according to R. Johnson p~5l p. 33, Proof of Theorem 1.9], 

we have 

M(I *g) <I(j* (Mg) 

and 

M x (Mf(x)) C M x (I/3 * (M(g)). 
It follows from Maximal Theorem Stein [34] p. 13, Theorem 1] that 

M(g)eLP(« n ) and 11^07)11, <|| S || P . 

Thus (a) implies (b). □ 

Lemma 2.2. If a e (0, 1], /3 S (0,n) and (t,x) e tten 

^ 2Q (y)| 2/ -x|' 3 -"dy<(t 2 + |x| 2 ) i ^. 

Proof. By Miao- Yuan- Zhang [31], Nishio-Shimomura-Suzuki [32] or Nishio- 
Yamada [33], we have the following point- wise estimate 

(2- 1 ) < C (fl/2a+ * N)n+2a , V(M) e M^». 

So, it suffices to verify 

J(t,ar):= / t 2a (t + \y\y n - 2a \y - xf~ n dy < it 2 + \x\ 2 )^ . 



Changing variables: x — > tx, y — > ty, we see the previous estimate is equivalent 
to the following one: 

J(l,x)<(l + \x\ 2 )^. 
Since J(l, 0) < 1 we may assume that \x\ > 0. Then 

J ( 1 > a 0<(/ +[ I 77— I hn+2 ai iS=fl d W = h{x)+h{x). 

\Jb(x,\x\/2) Jw\b(x,\x\/2) J (1 + \y\) n+2a \y - x\ n P 

Since \x — y\ < \x\/2 implies that \y\ w \x\, we have 

1*1/2 



< (1 + |a;|)-™- 2Q / s^ds 

Jo 

< \xf(l + \x\)- n ~ 2a 
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with the last inequality using the fact 1 < (1 + M) 2q - If \x — y\ > \x\/2, then 
h[x) = L\B {xM/2) (l + \y\r+ 2 <*\x-y\"-e dy 

< \xf~ n , 

with the last inequalities using the fact £ i 1 (M"). Since \x — y\ > \x\/2 

implies \y\ < 3\x — y\, 

h{x) ~ L\B(*, w/2) (i + |y|)" +2Q |y|"-^ 2/ ~ L 

Thus I 2 < (1+ |x|)' 3 ^ n and J(l,a?) < (1 + M 2 )^. □ 

Lemma 2.3. [33j For a G (0, 1], i/iere are positive constants a and C such that 

vo£{\Kf{x)\ : |x| < o-frk} >Ct~^, 
where a and C depend only on n, a. 

Lemma 2.4. Let a £ (0,1] and (3 G (0,n). Given / G W l3 ' p (M n ), A > 0, and a 
nonnegative measure fi on M. 1 ^" 1 , Zet 

^(Z) = {(*,*) e K^+" : \S a (t 2a )f(x)\ > A} 

and 

O a x ' /3 (f)={yeR n : sup |S , Q (t 2a )/(a;)| > A}. 
|y-a:|<i 

Then the following four statements are true: 

(a) For any natural number k, 

n (E a x \f) n t(b(o, fc))) < [i (r{o a /{f) n s(o, k))) . 

(b) For any natural number fc, 

ca Pw ,, P(m (o a x ' p (f) n B(0, fc)) > cl ( M; » {r{o a /\f) n 5(0, fc)))) . 

fc) There exists a dimensional constant 0\ > suc/i i/iai 

sup |S Q (i 2Q )/(y)| < 6iMf(x),x G E n . 

|y— x| <i 

^ There exists a dimensional constant O2 > swc/i £/ia£ 

(^)er(o)^s a (f 2Q )|/|(i)>fl 2 , 

where O is a bounded open set contained in Int({x G R" : f{x) > 1}). 

Proof, (a) Since sup |S f ce (i 2Q )/(x)| is lower semicontinuous on K n , 0"'^(/) 

|»-a:|<t 

is an open subset of R n . By the definition of E"' (f) and 0" ,/3 (/), we have 
C T(0^(/)) and ^(E a ^(f)) < T( M (0^(/)))- 

Then 

/* (E^{f) n r(5(o, fc))) < M (T(or /3 (/)nr(s(o, fe)))) = M (t(0^(/) n s(o, fc)) 
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(b) It follows from the definition of c£(/x;i). 

(c) By (|2~Tj) . we have 

\S a (t 2 <*)f(x)\ = \K$ a (x) * f(x)\ < J _ yl)n+2a \f(y)\dy := H t (x) * \f(x)\ 



Thus 



sup \S a (t 2a )f(y)\ < sup Ht(y)*\f(y)\<9xMf(x). 

\y — x\<t \y — x\<t 

The last inequality follows from Stein [311 P- 57, Proposition], 
(d) For any (t, x) e T(0), we have 

B{x,t) COC Int({x : f{x) > 1}). 

It follows from Lemma T2.3I that there exist a and C which are only depending on 
n and a such that 

iaf{K?(x) : |a;| < at^} > Ci _ *. 

Then 

S a (t 2a )\f\(x) = f K^(x-y)\f\(y)dy 

JR™ 

> ct- n f \f\Wv- 

J B(x,CTt)nInt({x:/(a:)>l}) 

If a > 1, then 

B(x, at) n lnt({x : f(x) > 1}) D B(x, t) n Int({x : f(x) > 1}) = t); 
if er < 1 then 

crt) n Int({x : f(x) > 1}) = B{x, at). 
Thus S a (t 2a )\f\(x) > 02 for some dimensional constant 6*2 > 0. □ 

Using /(#) = (-A) _/3 / 2 ((— A) /3 / 2 /(a;)) and the definition of Riesz potentials 
We can easily derive an integral representation of homogeneous Sobolev functions. 

Lemma 2.5. 5 Let p G (l,n//3), < /? < n and / G W l3,p (M n ). Then 

wAere 7/3 = W 2 2' 3 r(/3/2)/r(^). 

The following result is a special case of Adamas [5J Theorem 5.2] or Adams-Xiao 
Theorem A]. 

Lemma 2.6. Let /3 G (0,n). Then there are a linear extension operator 

E : W P ' n/p {W % ) — ► C% (R 2n ) 
and a linear restriction operator 

K : £™^(M 2n ) — > ^'^(1") 

swc/i </iai 1Z£ is the identity, and 

(a) 

(b) 
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3. Proofs of Main Results 

3.1. Proof of Theorem 11.11 Assume that 1 < p < q < oo. In what follows, for 
A > and u e W rl *(R£ fn ) fl let 

M\ (u) = {(t,x) € : Ht,x)\ > A}. 

(a) (6) (c). Since < Ai < A 2 implies fi(M\ 2 (u)) < fi(M\ 1 (u)), we can 
conclude 

d ( r x V /P 

q^Mxiu))^- 1 <-^U (ji{M s {u))ylidsv\ . 

This implies 

(poo \ p/q poo 

q J /i(M A ( u ))A^ 1 dAj < jf (^AhiuW^dXP, s > 0, 

and obtains the desired implications. 

(c) => (rf). Let (c) be true. For an given open set O C R^_ +n , and any function 

u e W^(R^ +n ) n W+ +Tl ) with 

O C tat({(i,x) € R+ + ™ : it(t,:r) > 1}), 
we have ^(O) < /j,(Mi(u)) < This derives (d). 

(d) =S> (a). If (d) is true, then for it G W^fE^"™), H N and 5(0, k) C R", 
Lemma 12.11 fa) implies 

0*(M A («)n((0,*)xB(0, *))))"/ W 
cap^Lp^i+njfMAfu) n ((0,fc) x B(0,fe))))dA p 



< 



" ' <MPw-».p(ai +n )( Af >( tt )) dAI ' ~ II u Ci,p( R ^+")- 



Letting fc — > oo we see (a) hold. When < q < p = 1, the implications are 
obviously. □ 



3.2. Proof of Theorem ll.2l Let < q < p. Then we finish the proof in two steps. 
Part 3.2.1: (b) =*> (a). If 

f ( fP/ q \ P ~ q dt 

then for each vq £ W^' p (M. n ), each j = 0,±1,±2, • • • and each natural number k, 
Lemma 12.41 (c) implies 

c«P^, P(r) (02.("o)nB(0,fc)) < ca PVv e, v{m {{x E R n : d^v^x) > 2 J }DB(0, k)). 
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Let Mi,fcM = n(T(O 2 i(v ) n B(0, k)), and 

W(m;-o)= £ ^M-awM)^ 

i = ~°° (cap^, P(R n ) (0 2 j («o) n 5(0, fc)) 
Lemma 12.41 (b) implies that 



{S P ,q,k{l J ''' v o)) Fp ' 



E 



(cap Wl 3, p{Rn) (0 2j Oo) n B(0, fc)) 



p — g 



< 



< 



< 



E 

^ oo 



(0^,fc(^o)) p -" - (Atj + i !fc (^ ))p-g 
(<^(«Mi,fcfao)) 



(is p-o 



On the other hand, using Holder's inequality and Lemmas 12. II (b) and 12.41 (b)-(c), 
we have 



/T(B(0,fe)) 



wCt^aOI'd/ifoa:) 



= jf M (^x ,/J («o)nr(B(o,fe)))dA« 

oo 

~ E (Vi-kM - A i j+i,fc(wo))2- 7<? 



<?/p 



< 



< 



< 



1 j = -oo 



(Sp,,,k(W«b))" ( E ^ p «*Pw"*(r»)({* e R " : e iMv (x) > V} n 5(0,*))] 

i/p 



\3=-oo 

oo 



< (Sp,«,fc(^o))^IMI^, p(R „ r 
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Hence 

v(t 2a ,x)\ g dfi(t,x) < (Ip, q Oi)) £ ™\\vo\\wf>,p( & ny 

/T(B(0,fc)) J 

Letting k — > oo in the left side of the above estimate, we have 

I+ « H t2a > x )\ q Mt,x)\ Z (IpM)'^\\vo\\wi>,pp~y 

Part 3.2.2: (a) =>■ (b). 
If (a) is true, then 

(j Rl+n \v(t 2a ,x)\^(t,x)Y /q 
J p , q {n) = sup ± — < oo. 

w ew'J'.f (a"), ||vo II w/8.i» C r») >« I^oIIh^MK") 

Thus for each v € W^' p (W n ), with ||«o|Ivf' 3 .p(k™) > 0, we nave 

1+n K^", ^d^, J < Jp,q(f i )\\ V o\\w0,P( St ny 

Since l^(E? (fo)) is nonincreasing in A, we have 

(3-1) supA UE^(v )) 1/q ) < Jp,M\\vo\\w>s,H^y 

For fixed positive vq G ti^' p (R n ), and a bounded open set C Int({x G M n : 
Vq( x ) > 1})) then (|3 . 1 [) and Lemma HOI (d) imply that 

M (T(0)) < m(^| /3 («o)) < (^,, g (/*)) a ||«b||^ p „ (R „ r 

This along with the definition of cdPy^0,p(^n\(-) give 

(3-2) M(r(0)) < (J P , g (^)) 9 (cap^,, (E „ ) (0)) ?/P . 

It follows from (|3.2p and the definition of c£(/x; t) that for < t < oo, cg(/z; f) > 0. 
The definition of c£ (//;£) implies that for every integer j there exists a bounded 
open set Oj C R™ such that 

cap^, P(R „ ) (0,) < 2 c£(/i;2^') and fi(T(Oj)) > V. 

We divide the following proof into two cases. 

Case 1, p G (1, n//3) : 

It follows from Maz'ya [22 that 

cap^, p[Rn) (S) « inf : 5 G L P (R"), <? >0,SC Int({x G E" : ^ * g(x) > 1})} . 

By this equivalent definition we can find gj(x) G L P (R") such that 

9j > 0, 1/3 * g,-(a;) > I, Vz G Oj and < 2 cap^^p^^O-j) < 4 c£(/x; 2 J ). 

Given integers i, k with i < k, define 

9i,k = SUP -g- — £j. 



16 



ZHICHUN ZHAI 



Since L p (M. n ) is a lattice, we can conclude that g^k € L p (W n ) and 

k / ~ \ p — q A: 



2-' 



ll3,H P iP <E 



2-' 



Note that for i < j < k, 



x e 3 ■ I () * gi, k {x) > 



It follows from Lemma 12741 (d) that there exists a dimensional constant 6*2 such that 



(t,x) e T(Oj) =► S a (r Q )tf8 *5i,*(a;)|(a:) > 



9 2 . 



This gives 



V <f ,(T(0 3 ))<fi \E 



a,f3 



23 \ V-1 (S 2 \ 



(Ip * 9i,k( x )) ■ 



Thus 



ds 



(J P , g (M)ll.9a-llLp) 9 > /, i< |S B (t 2a )(^*ji lfc (i))| > ^(i 1 a;) 

(mf{A:/i(^(/^ 5i , fe (^))) <s} 

> e ( inf i A : » (^ ,/3 (^ * saw)) < 2 j }) 9 2^- 
2 j \ ^ 



> 



> 



E 



2 J 



( 



E ; — tzet I Il5»,fcllip- 



I II ^ 



(^(m;2^) 



This tells us 



E 



2 



~ (■WaO)''-' 



Case 2, p — § : By the definition of cap^,j,/ ffi „^ (Oj-), there is /j € W f3 ' p (R n ) such 



that 



/j > 0, f s {x) > l,Vx e and ||/,||^, R < 2 cap^^O;) < 4 cgfo 2*). 



CARLESON MEASURE PROBLEMS FOR PARABOLIC BERGMAN SPACES 



17 



Lemma H2~6l implies that for each j there is gj(-, ■) £ 

r(2l 
l 2fi 



l ) such that 



f j (x) = 4l n) *g j (x,0)=n£f j (x) 



and 

( 3 - 3 ) ll / 2^" ) * ffjIU^fR 2 ") = ll^/jll£^(R 2 ") < H/j|lw/3,P(R")- 

Given integers i, fc with i < k, define 

/ 2 J \ ^ 



= sup 



i<i<fc \ c£(At;2J) 



Si- 



Since L p (M 2,i ) is a lattice, we can conclude that g^/. S L p (R 2n ) and £va * S*,fc e 
^(R 2 ™). Then {53]) and Lemma ES imply that 



< 



< 



< 



< 



< 



V 



2' 



E 

i=» 
fc 

E 

3=i 

E 

i=» 



2-?' 



2' 



II^S n) *5i)l l? 



H//3,P(R") 



ll^" * ^3 11^ ^n) 



H^/3 II £P^(gan 



II M! p 



40**)- 



Note that for i < j < k, 



xeO j =>Tl(I$ ) *g itk )(x)> | . 



2' 



Then Lemma 12.41 (d) implies that 

(t,x) e T(o 3 ) => s a {t 2a )\n{if n) *9i, k )\ix) > 

This gives 



2-i 



iC £( M ;2i) 



2'< M (T(O j ))< / J £ 



a,0 



aj \ »-« (" 82 \ 
1 2 j 
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Hence 

(^p, 9(^)11^(^2/3 ' *fl , *,fc)llw'i 8 'f(R' l )J 

f \S a {t 2a )n{hp*g i ^){x)\id l i{t,x) 



1 

ds 



if {A : p (E^K(hf} * 9i,k){xj) < s} 



p- 9 



> 

3=« 



^'c^( M ;2i)J 



2~ 

This tells us we obtain the same inequality as in the first case 



-stSGWm))^ 



- (^(m;2^)) : 



Note that the constant involved in the last inequality does not depend on i and k. 
Letting i — > 00 and k — > 00, we have 

t p/ g \ ^ dt °° 



'0 \ c p(^^) 

Therefore, (b) holds. □ 



3.3. Proof of Theorem 11.31 Let p < q. The proof consists two parts. 
Part 3.3.1: We prove (a) =>> (6) =>> (c) =>> (e) =>> (a), 
(a) => (6) ==>• (c). Since h(E\(vq)) is nonincreasing in A, 

This gives, for s > 

(sVO^M))* < (^M^M^-Ma) 9 < ( M (i^V))) f dA?, 
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and establishes the desired implications. 
If (c) is true, then 

supA(^ ({((,i)et| + " : \v{t 2a ,x)\ > A}))* 

K p , q (p) = sup — r — i| < oo. 

v O £WP'P(w*),\\v o \\ w0 , p >a \\ v o\\wi3,p 

For a given v Q € W ' p [R n ) and a bounded set O C Int ({a: G R n : u (i) > 1}) , then 
Lemma 12.41 (d) implies 



(M(r(0))) 1/9 <i^(M)IM 



and hence (e) follows from the definition of capy^p^iO). To prove (e) ==*> (a), we 
assume (e). Then 

Q ( M ) = sup ( ^ ^21^ : bounded open O C R n 1 < oo. 

{ cap Wf3iP {0) J 

If w e W^'f (R n ) and k = 1, 2, 3, • • • , then Lemmas El (a)- (c) andO (b) imply 



< 



< 



(/i^WnrtBfo.i)))) d\p 
(/x (r(o^(t; )ns(o,A ; )))) P/9 dAP 

(Mfc e M n : 9iMvo(x) > A} n 5(0, /c)))) pAz dA p 

< / (fi(T({xeW l :e 1 Mv (x)> X}nB{0,k)))) p/q d\ p 
Jo 

poo 

< Q p , q ([i) / cap W(itP {{x e M" : 0iMu o (z) > A} n B(0, fc)) dA p 



< Q Pl9 0*) / caPwe-p (i x e R " : OiMvo(x) > A}) dA^ 

< Q M G*)IMIW 

Letting k — ► oo in the above inequality we have 

, p/i 



p 



This derives (a). 

Pari 3.5.5: We verify (c) =^> (d) =^> (a). 

If (c) holds, then for any bounded open set O C Int ({x £ 1" : UoOc) > 1}) > we 
have 

M(no)) 1/9 <^, g (^)ii«oii^, P . 

Note that 

t p/q < (^p,«(m)) P cap^.piO) wthcnever < t < fi (T(O)) . 

Hence 

^<(^p )8 (M)f^( M ;t). 

Therefore (d) holds. 
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If (d) holds, then Lemmas 12.41 (b)-(c) and 12.11 (b) imply that for each k 
1,2,3,---, 



(/i (E^(v Q )nT(B(0,k)))y /q dX" 



p/q 

i 

v^WnrtBfo.fe));;"" 
< / „V / — 5 ^ty ca ^- P (Oa(«o) n S(0, k)) d\p 



c?( w (^Wnr(B(o,fc)) 




< sup -g / cap^,, ({jc S R n : 6» 1 7Ww (a;) > A} n 5(0, k)) d\ p 

\t>o Cp((j,;t) J Jo 

( t p / q \ 
\t>o c%((i;t) J 

Letting k — > oo in the previous inequality we have 



This implies that (a) holds. □ 



3.4. Proof of Theorem Ol Part 3.4.1: We prove (a) (6). 

It follows from Theorem II .31 that it is enough to prove that (b) implies (c) or (e) 
in Theorem 11.31 We consider the following three cases. 

Case 1, 1 = p < q < oo : If (b) holds, then < oo. Suppose that O C M. n is 

a bounded open set and is covered by a sequence of dyadic cubes {Ij} in R™ with 
I^j'I - < 00 • According to Dafni-Xiao [8, Lemma 4.1] there exists another 
sequence of dyadic cubes { Jj} in R n such that 

Int( Jj) n Int(J fe ) = for j ^ k, [j J 3 =\Jl k , 

j k 

El J ^ <El^l^' T(O) c|jT(Int(5^)). 



Then 




< iwii,Ji> 

By Xiao [39] (see also Adams [3] or [4]) we have cap^ (•) w ffST^(-), where the #£,(■) 
is the <i— dimensional Hausdorff capacity. Thus, these along with the definition of 
flST^O) imply 

/x(T(0)) <|| M || ^cap^O)) 9 ; 
that is, the inequality (e) in Theorem 1 1 . 31 holds . 
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Case 2: 1 < p < min{g, n//3} : Let vo € W^< p (R n ) and be the restriction of 
H to E™'P(WP' p (M. n )). If (b) holds, then 



.. .. fi{T(B{x,r))) 

IHIp,9 ■■= SU P < oo. 

igl' l ,r>0 r p 



It follows from Lemma \2. 5 1 that 



jr™ w — x \ 

This inequality along with Lemma l2.2l and Fubini's theorem tell us 



< 



< 



< 



< 



< 



< 



< 



\S a (t 2a )(v (x))\d^(t,x) 
K$ a (y)(v (x - y))dy 



d/i(t, x) 



\z-(x- y)\ n ~ dy ) 1 ( ~ A) 2 Mz) |dZ j d/iA( *' X) 
(if + \z- x\ 2 )^) \{-Af' 2 v Q {z)\dz\ diix(t,x) 



\(-Af/ 2 v (z)\ 



(r + \z- x\ 2 )— dfxx(t, x) dz 



\(-Af/ 2 v (z)\ QT fi\ (T(B{z, r))^-"- 1 ) dr) dz 



(h(s) + I 2 (s)), 



where 



h(s) 



\(-A) p/2 v (z)\fi x (T(B(z,r)))dz)r^ n - 1 dr 



and 



\(-A) 0/2 vo(z)\nx (T(B(z,r)))dz ^"""Mr. 



By the definition of ||/i||p, 9 , we have 



MA (T(B(z,r)) < (» x (T(B(z,r)))V p ' M^r^ 



for i + p- = 1. So, using Holder's inequality and the estimate 



J K (T(B(x,r)))dx < r> A (e^(v q )) , 
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we obtain 

h(s) < j' ^J(-A)^ 2 Uo (z)|^ A (r(B(z,r)))) 1/p ^ M |||,,r 1 ^dz^r' 3 -"- 1 dr 

< lkoll^JlMll^^ S (^MA(T(i?(z,r)))dzy /P r'^^^dr 

< lko||^, P ||Mll^(M(^M 
Similarly, we have 

oo / 

h(s) < [( [\i-A)%v iz)\^xiTiBiz,r) )} <\,\ { /,, x(T( Bi: . ,•))) dz I r< ; "" Mr 

l/p' 



< 



|«o||^, P (/iA(T(S(2,r)))) 1/p Qk MA (T(B(*,r)))dz) r^Mr 



< (n(E^iv ))) 1/P J™r n /*' (niE^iv ))) W r?- n - Mr 

Combing the above estimates on 7i(s) and ^(s) together, we have 



Taking 

s =(iiMy(K^M)))^ 

in the above inequality, we have 

a(m^M)) 1/9 <IImII^II^II^ p - 



This implies the condition (c) of Theorem 11.31 

Part 3.4-2: We find a nonnegative Radon measure to show that if 1 < p = q < 
n/(3 then (b) does not imply (a) in general. 

In fact, suppose K C R" is a compact set with the (n—p) — dimensional Hausdorff 
measure H {n - pf3 \K) > 0, then by Maz'ya [22l p. 358, Proposition 3] we have 
capyyP,p(K) — 0, on the other hand by Adams-Hedberg [5] p. 132, Proposition 
5.1.5 & p. 136, Theorem 5.1.12] we can find a nonnegative Radon measure v on 
1" such that 

sup - {B }*;" )] < co and < H^{K) < v{K). 
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Define n(t,x) = 5\{t)®v(x). Then (b) hold for this nonnegative Radon measure on 
Rij"". However, (a) is not true, otherwise, we would have < v{K) < capwp.p {K) = 
0. Contradiction. □ 

3.5. Proof of Theorem 11.71 Suppose < q < 1. Since the proof of (a) => 
(b) ==>• (c) is similar to that of (b) (c) =^> (e) of Theorem 1 1.31 we only need to 
verify (c) (d). Let (c) be true. Then Lemma COl fa)— (c) imply 

»(E^(v )) < ( M (t(0^(«o)))) 

< (/x (T({x G R" : ^.A/Mz) > A}))) 

< (co^^x G R n : 6iMv (x) > \}) q . 

This and Lemma [2TT1 (b) imply that (d) holds. □ 

3.6. Proof of Theorem HTH From the proof of Theorems Ol fc Ol for 1 < p < 

n/ (3 and q > p, we have 

III, ,111 - s „ n MT(B(x,r))))« 

\\W\\p,q - sup p{B{x , r]) <oo 

x£K n ,r>0 

I 

J \v(t 2a ,x)\idfi(t,x)) <||N|| M ||«o||^, V«o€^*(R"). 

Given (to^o) G R+ + ". Let g = and fi(t,x) = 5(t 0)X0 ) be the Dirac measure 

at (to,a;o). It suffices to prove || \S/ to ^ Xo -j \ \\ p . q < t^^ n . In fact, if (to,Xo) is not in 
T(B(x,r)), then 5 (ta ^ xo) {T{B{x,r))) = 0. If (t ,x ) G T(B(x, r)), then B(as ,*o) C 
B(x,r) and r n > tg. This give the estimate 

5 (tOiXo) (T(B( a; ,r)))<^=i -v"- 

The above estimate and capyyp :P (B(x, r)) ~ r n ~ pl3 verify 

(6 (t0iXo) (T(B(x,r)))y/« <r¥ 
cap^.f (- B ( x ' r )) ~ ° 
Therefore, |||<5 (to>!C o)IIU < *f _n . □ 

3.7. Proof of Theorem 11.121 Assume that is a nonnegative Radon measure 
such that 

(n(T(B(x,r)))) p/q 
sup ^ v < oo 

i6S»t>o capwi/2, P (B{x,r)) 

for 1 < p < 2n and 4 ^"^ p < g < oo. According to the definition of 1/2— parabolic 
rectangle (see Nishio-Yamada [53]) 

Q 1/2 (s, y) = {(«, y) G M^+" : < s/2, 1 < j < n, s < t < 2s} 

with center (s,y), we have 

Q 1 / 2 (s,y) = [s,2s]xB(y,V^s/2). 
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The definition of T(B(y, r)) implies that there is a dimensional constant c(n) such 
that 

Q 1/2 (s,y)C T(B(y, c(n)s)), 

for each (s,y) G R 1 ^", so 

M(Q 1/2 (5,2/)) < M(T(S(y,c(n) S ))) < s ^-p/V/p. 

li Pi = ifefy - !. then fOT each (*>v) e R V + "> 

MQ 1/2 (s,2/))< S (n+1)(1+pl) . 

Note that pi > 1 since g > 4 ^ T "^ 1 - ) and p < 2n. It follows from Nishio-Yamada [33l 
p. 91 Theorem 2] that v is a (0,l)-type Carleson measure on 6', 2 (g > 1) if and 

only if v(Q^ 2 (s,y)) < s ("+ 1 )( 1 +«), for each (s,y) G Thus p is a (0,l)-type 

Carleson measure on t^) 2 - O 
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